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Abstract. In 1972, B. E. Johnson proved that a locally compact group G 
is amenable if and only if certain Hochschild cohomology groups of its convo- 
lution algebra L^G) vanish. Similarly, G is compact if and only if L 1 (G) is 
biprojective: In each case, a classical property of G corresponds to a cohomo- 
logical propety of L 1 (G). Starting with the work of Z.-J. Ruan in 1995, it has 
become apparent that in the non-commutative setting, i.e. when dealing with 
the Fourier algebra A(G) or the Fourier-Stieltjes algebra -B(G), the canon- 
ical operator space structure of the algebras under consideration has to be 
taken into account: In analogy with Johnson's result, Ruan characterized the 
amenable locally compact groups G through the vanishing of certain cohomol- 
ogy groups of A(G). In this paper, we give a survey of historical developments, 
known results, and current open problems. 



1. Abstract harmonic analysis,... 

The central objects of interest in abstract harmonic analysis are locally compact 
groups, i.e. groups equipped with a locally compact Hausdorff topology such that 
multiplication and inversion are continuous. This includes all discrete groups, but 
also all Lie groups. There are various function spaces associated with a locally 
compact group G, e.g. the space Co(G) of all continuous functions on G that vanish 
at infinity. The dual space of Cq(G) can be identified with M(G), the space of all 
regular (complex) Borel measures on G. The convolution product * of two measures 
is defined via 

(f, f f f(xy)dn(x)v(y) (n, v G M(G), f G Co(G)) 



GJG 



and turns M(G) into a Banach algebra. Moreover, M(G) has an isometric involu- 
tion given by 



</,//):= / f(x-i)dn(x) (M S M(G), / g Co(G)). 



G 
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The most surprising feature of an object as general as a locally compact group 
is the existence of (left) Haar measure: a regular Borel measure which is invariant 
under left translation and unique up to a multiplicative constant. For example, 
the Haar measure of a discrete group is simply counting measure, and the Haar 
measure of M. N , is TV-dimensional Lebesgue measure. The space i 1 (G) of all in- 
tegrable functions with respect to Haar measure can be identified with a closed 
*-ideal of M(G) via the Radon-Nikodym theorem. Both M(G) and L X (G) are 
complete invariants for G: Whenver L^Gi) and L 1 (G 2 ) (or M(G X ) and M(G 2 )) 
are isometrically isomorphic, then G\ and G2 are topologically isomorphic. This 
means that all information on a locally compact group is already encoded in ^(G) 
and M(G). For example, L 1 (G) and M(G) are abelian if and only if G is abelian, 
and L 1 {G) has an identity if and only if G is discrete. 



References for abstract harmonic analysis are |Fol|, H R|, and [R— St|. 

The property of locally compact groups we will mostly be concerned in this 
survey is amenability. A a mean on a locally compact group G is a bounded 
linear functional m: L°°(G) — > C such that (l,m) = ||m|| = 1. For any function 
/ on G and for any x € G, we write L x f for the left translate of / by x, i.e. 
(L x f)(y) := f(xy) for y e G. 

Definition 1.1. A locally compact group G is called amenable if there is a 
(left) translation invariant mean on G, i.e. a mean m such that 

(<l>,m) = (L x <f>,m) (0eL oo (G),xeG). 

Example 1.2. (1) Since the Haar measure of a compact group G is finite, 

L°°(G) C i x (G) holds. Consequently, Haar measure is an invariant mean 
on G. 

(2) For abelian G, the Markov-Kakutani fixed point theorem yields an invari- 
ant mean on G. 



(3) The free group in two generators is not amenable ([Pat, (0.6) Example]) 



Moreover, amenability is stable under standard constructions on locally com- 
pact groups such as taking subgroups, quotients, extensions, and inductive limits. 

Am enable, locally compact groups were first considered by J. v. Neumann 
(| Neu |) in the discrete case; he used the term "Gruppen von endlichem Mafi". 
The ad jective amenable for groups satisfying Definition 1.1 is due to M. M. Day 
(| Day[| ), apparently with a pun in mind: They are amenable because they have an 
invariant mean, but also since they are particularly pleasant to deal with and thus 
are truly amenable — just in the sense of that adjective in everyday speech. 

For more on the theory of amenable, locally compact groups, we refer to the 
monographs |Gre], [Pat], and [Pie|. 



2. homological algebra,... 

We will not attempt here to give a survey on a area as vast as homological 
algebra, but outline only a few, basic cohomological concepts that are relevant in 
connection with abstract harmonic analysis. For the general theory of homological 
algebra, we refer to [C— E], [MacL], and |Wei|. The first to adapt notions from 



homological algebra to the functional analytic context was H. Kamowitz in [Kam|. 

Let 21 be a Banach algebra. A Banach 2l-bimodule is a Banach space E which is 
also an 2l-bimodule such that the module actions of 21 on E are jointly continuous. 
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A derivation from 21 to E is a (bounded) linear map D : 21 — > E satisfying 

D(ab) = a ■ Db + (Da) ■ b (a, be 21); 

the space of all derivation from 21 to E is commonly denoted by -2^(21, E). A 
derivation D is called inner if there is x <E E such that 

Z)a = a ■ x — x ■ a (a £21). 

The symbol for the subspace of Z 1 (21, E) consisting of the inner derivations is 
B 1 (2t, £7); note that i3 1 (2l, £?) need not be closed in Z 1 ^, E). 

Definition 2.1. Let 21 be a Banach algebra, and let £ be a Banach 2l-bi- 
module. Then then the first Hochschild cohomology group 7i 1 (2l, E) of 21 with 
coefficients in E is defined as 

H\% E) := Z x (2l, E)/B 1 (% E). 

The name Hochschild cohomology group is in the honor of G. Hochs child 
who first considered these groups in a purely algebraic context ([ Hoch 1 and 



Hoch 2 



Given a Banach 2l-bimodule E, its dual space E* carries a natural Banach 
2l-bimodule structure via 

(x, a ■ 4>) := (x ■ a, <f>) and (x, (f> ■ a) := (a ■ x, 4>) (a € 21, <j> S -B*, a; 6 E). 

We call such Banach 2l-bimodules dual. 

In his seminal memoir |Joh 1 ], B. E. Johnson characterized the amenable lo- 



cally compact groups G through Hochschild cohomology groups of i 1 (G) with 



coefficients in dual Banach L 1 (G)-bimodulcs ([Joh 1, Theorem 2.5]) 



Theorem 2.2 (B. E. Johnson). Let G be a locally compact group. Then G is 
amenable if and only if H. 1 (L 1 (G) , E* ) = {0} for each Banach L 1 (G)-bimodule E. 



The relevance of Theorem [2.2| is twofold: First of all, homological algebra is a 
large and powerful toolkit — the fact that a certain property is cohomological in 
nature allows to apply its tools, which then yield further insights. Secondly, the 



cohomological triviality condition in Theorem 2.2 m akes sen se for every Banach 
algebra. This motivates the following definition from ||Joh 1 1 : 



Definition 2.3. A Banach algebra 21 is called amenable if H 1 (2t,i?*) = {0} 
for each Banach 2l-bimodule E. 

Given a new definition, the question of how significant it is arises naturally. 
Without going into the details and even without defining what a nuclear C*-algebra 
is, we would like to only mention the following very deep result which is very much 
a collective accomplishment of many mathematicians, among them A. Connes, M. 
D. Choi, E. G. Effros, U. Haagerup, E. C. Lance, and S. Wassermann: 

Theorem 2.4. A C* -algebra is amenable if and only if it is nuclear. 



For a relatively self-contained exposition of the proof, see [Run, Chapter 6] 



Of course, Definition 2.3 allows for modifications by replacing the class of all 



dual Banach 2l-bimodules by any other class. In B C— D|, W. G. Bade, P. C. Cur- 
tis, Jr., and H. G. Dales called a commutative Banach algebra 21 weakly amenable 
if and only if 7Y 1 (2l, E) = {0} for every symmetric Banach 2l-bimodule E, i.e. 
satisfying 

a ■ x = x ■ a (a £ 21, x £ E). 
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This definition is of little use for non-commutative 21. For commutative 21, weak 



amena bility, h owever, is equivalent to H 1 (2l, 21*) = {0} ([ B C D , Theorem 1.5]), 
and in Joh 2], Johnson suggested that this should be used to define weak amenabil- 
ity for arbitrary 21: 

Definition 2.5. A Banach algebra 21 is called weakly amenable if 7^(21, 21*) = 

{0}. 

Remark 2.6. There is also the notion of a weakly amenable, locally compact 
group ( [ |C H | ) . This coincidence of terminology, however, is purely accidental. 



In contrast to Theorem 2.2, we have: 



Theorem 2.7 ( |Joh 3 |). Let G be a locally compact group. Then L 1 (G) is 
weakly amenable. 



For a particularly simple proof of this result, see [D— Gh]. For M(G), things 
are strikingly different: 



Theorem 2.8 ( [[D-Gh-H|1 ). Let G be a locally compact group. Then M(G) is 
weakly amenable if and only if G is discrete. In particular, M(G) is amenable if 
and only if G is discrete and amenable. 

Sometime after Kamowitz's pioneering paper, several mathematicians started 
to systematically develop a homological algebra with functional analytic overtones. 
Besides J ohnso n, who followed Hochschild's original approach, there were A. Gui- 
chardet (| Gui |), w hose p oint of view was homological rather than cohomological, 
and J. A. Taylor ( | Tay| ] ) and — most persistently — A. Ya. Helemskii and his 
Moscow school, whose approaches used projective or injective resolutions; Helem- 
skii's development of homological algebra for Ba nach and more general topological 
algebras is expounded in the monograph |Hel 



In homological algebra, the notions of projective, injective, and flat modules 
play a pivotal role. Each of these concepts tranlates into the functional analytic 
context. Helemskii calls a Banach algebra 21 biprojective (respectively biflat) if it 
is a projective (respetively flat) Banach 2l-bimodule over itself. We do not attempt 
to give the fairly technical definitions of a projective or a flat Banach 2l-bimodule. 
Fortunately, there are equivalent, but more elementary characterizations of bipro- 
jectivity and biflatness, respectively. 

We use <8 ) 7 to denote the completed projective tensor product of Banach spaces. 
If 21 is a Banach algebra, then 21 ® 7 21 has a natural Banach 2l-bimodule structure 
via 

a ■ (x ® y) := ax ® y and (x ® y) ■ a —: x ® ya (a, ije 21). 
This turns the multiplication operator 

A : 21 (g> 7 21 -> 21, a<g)b^ab 
into a homomorphism of Banach 2l-bimodules. 

Definition 2.9. Let 21 be a Banach algebra. Then: 

(a) 21 is called biprojective if and only if A has bounded right inverse which 
is an 2l-bimodule homomorphism. 

(b) 21 is called biflat if and only if A* has bounded left inverse which is an 
2l-bimodulc homomorphism. 
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Clearly, biflatness is a property weaker than biprojectivity. 



The following theorem holds ([Hell, Theorem 51 



Theorem 2.10 (A. Ya. Helemskii). Let G be a locally compact group. Then 
L 1 (G) is biprojective if and only if G is compact. 

Again, a classical property of G is equivalent to a cohomological property of 
L 1 (G). The question for which locally compact groups G the Banach algebra L 1 (G) 
is biflat seems natural at the first glance. However, any Banach algebra is amenable 



if and only if it is biflat and has a bounded approximate identity ([Hel 2, Theorem 
Vii.2.20]). Since L 1 (G) has a bounded approximate identity for any G, this means 
that L 1 (G) is biflat precisely when G is amenable. 

Let G be a locally compact group. A unitary representation of G on a Hilbcrt 
space ^ is a group homomorphism 7r from G into the unitary operators on fj which 
is continuous with respect to the given topology on G and the strong operator 
topology on B($)). A function 

G^C, x»{-k{x% V ) 

with £, 77 £ is called a coefficient function of 7r. 

Example 2.11. The left regular representation A of G on L 2 (G) is given by 

\(x)£ := L x ^ (xeG^eL 2 (Gj). 



Definition 2.12 ( fEym|| ). Let G be a locally compact group. 

(a) The Fourier algebra A(G) of G is defined as 

A(G) :— {/ : G — > C : / is a coefficient function of A}. 

(b) The Fourier-Stieltjes algebra B(G) of G is defined as 

B{G) := {/ : G — > C : / is a coefficient function of a unitary representation of G}. 

It is immediate that A(G) C B(G), that B(G) consists of bounded continuous 
functions, and that A(G) C Cq(G). However, it is not obvious that A(G) and B{G) 



are linear spaces, let alone algebras. Nevertheless, the following are true ([Eym]): 

• Let G*(G) be the enveloping G*-algebra of the Banach *-algebra L 1 (G). 
Then B(G) can be canonically identified with G*(G)*. This turns B(G) 
into a commutative Banach algebra. 

• Let VN(G) := A(G)" denote the group von Neumann algebra of G. Then 
A(G) can be canonically identified with the unique predual of VN(G). 
This turns A(G) into a commutative Banach algebra whose character 
space is G. 

• A{G) is a closed ideal in B{G). 

If G is an abelian group with dual group T, then the Fourier and Fourier- 
Stieltjes transform, respectively, yield isometric isomorphisms A(G) = i 1 (r) and 
B(G) = M(T). Consequently, A(G) is amenable for any abelian locally compact 
group G. It doesn't require much extra effort to see that A(G) is also amenable 



if G has an abelian subgroup of finite index ([L— L— W, Theorem 4.1] and |For 2 



Theorem 2.2]). On the other hand, every amenable Banach algebra has a bounded 



approximate identity, and hence Leptin's theorem (|Lep|) implies that the amena- 
bility of A(G) forces G to be amenable. Nevertheless, the tempting conjecture that 
A(G) is amenable if and only if G is amenable is false: 



6 



VOLKER RUNDE 



Theorem 2.13 Q Joh 4 \). The Fourier algebra of SO(3) is not amenable. 
This leaves the following intriguing open question: 

Question 2.14. Which are the locally compact groups G for which A{G) is 
amenable? 

The only groups G for which A(G) is known to be amenable are those with an 
abelian subgroup of finite index. It is a plausible conjecture that these are indeed 
the only ones. The corresponding question for weak amenability is open as well. 
B. E. Forrest has shown th at A(G ) is weakly amenable whenever the principal 
component of G is abelian (| For 2 , Theorem 2.4]). 

One can, of course, ask the same question(s) for the Fourier-Stieltjes algebra: 

Question 2.15. Which are the locally compact groups G for which B(G) is 
amenable? 

Here, the natural conjecture is that those groups are precisely those with a 
compact, abelian subgroup of finite index. Since A(G) is a complemented ideal in 
B(G), the hereditary properties of amenability for Banach algebras ([ Run| , Theo- 
rem 2.3.7]) yield that A(G) has to be amenable whenever B(G) is. It is easy to 
see that, if the conjectured answer to Question 2.14 is true, then so is the one to 



Question 2.15 



Partia l ans wers t o both Question |2.14| and Question |2.15| can be found in 
L-L-Wl and llFor 2|. 



3. and operator spaces 

Given any linear space E and n G N, we denote the n x n-matrices with entries 
from E by M„(£'); if E = C, we simply write M„. Clearly, formal matrix mul- 
tiplication turns M n (E) into an M n -bimodule. Identifying M n with the bounded 
linear operators on n-dimensional Hilbert space, we equip M n with a norm, which 
we denote by | • |. 

Definition 3.1. An operator space is a linear space E with a complete norm 



Ml 


a on 




(R 1 


) 






X 










y 



max{||z|| n , \\y\\ m } {n,m G N, x G M n {E), y G M m (E)) 



and 
(R 2) 



||a • x ■ (3\\ n < \a\\\x\\ n \0\ (n G N, x G M n (E), a,{3€ 



Example 3.2. Let F) be a Hilbert space. The unique C*-norms on '. 
B(S) n ) turn B(9)) and any of its subspaces into operator spaces. 



Given two linear spaces E and F, a linear map T : E —> F, and n G N, we 
define the the n-th amplification : M n (E) — > M„(.F) by applying T to each 
matrix entry. 

Definition 3.3. Let E and F be operator spaces, and let T G B(E, F). Then: 
(a) T is completely bounded if 

\T\\c\, : : Mil) •/ ! " : |.«fM n (£),M„(F)) < °°- 



sup||TW| 
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(b) T is a complete contraction if ||T|| c b < 1. 

(c) T is a complete isometry if TW is an isometry for each neN. 

The following theorem due to Z.-J. Ruan marks the beginning of abstract op- 
erator space theory: 

Theorem 3.4 (|Rua 1]). Let E be an operator space. Then there is a Hilbert 
space f) and a complete isometry from E into B(f)). 



To appreciate Theorem 3.4, one should think of it as the operator space ana- 
logue of the elementary fact that every Banach space is isometrically isomorphic 
to a closed subspace of C(fl) for some compact Hausdorff space il. One could thus 
define a Banach space as a closed subspace of C(fl) some compact Hausdorff space 
fi. With this definition, however, even checking, e.g., that I 1 is a Banach space or 
that quotients and dual spaces of Banach spaces are again Banach spaces is difficult 
if not imposssible. 

Since any C*-algebra can be represented on a Hilbert space, each Banach space 
E can be isometrically embedded into B(Sj) for some Hilbert space f). For an 
operator space, it is not important that, but how it sits inside B(Sj). 

There is one monograph devoted to the theory of operator spaces ([E— R]) as 
well as an online survey article ([Wit et al.\). 



The notions of complete boundedness as well as of complete contractivity can 
be defined for multilinear maps as well ([E— R, p. 126]). Since this is somewhat more 
technical than Definition 3.3, we won't give the details here. As in the category of 



Banach spaces, there is a universal linearizer for the right, i.e. completely bounded, 
bilinear maps: the projective operator space tensor product ([E— R, Section 7.1]), 
which we denote by (8). 

Definition 3.5. An operator space 21 which is also an algebra is called a 
completely contractive Banach algebra if multiplication on 21 is a complete (bilinear) 
contraction. 



The universal property of ® ([E— R, Proposition 7.1.2]) yields that, for a com- 
pletely contractive Banach algebra 21, the multiplication induces a complete (linear) 
contraction A : 2l®2l — » 21. 

Example 3.6. (1) For any Banach space E, there is an operator space 

max£ such that, for any other operator s pace F , every T £ B(E,F) 
is completely bounded with [|T|| cb = ||T|| ( ]| R| , pp. 47-54]). Given a 
Banach algebra 2 1, the operator space max 21 is a completely contractive 
Banach algebra ( | E R , p. 316]). 
(2) Any closed subalgebra of B(Sj) for some Hilbert space Sj is a completely 
contractive Banach algebra. 

To obtain more, more interesting, and — in the context of abstract harmonic 
analysis — more relevant examples, we require some more operator space theory. 
Given two operator spaces E and F, let 

CB{E, F) := {T: E -> F : T is completely bounded}. 

It is easy to check that CB(E, F) equipped with || • || c b is a Banach space. To define 
an operator space structure on CB(E,F), first note that M„(F) is, for each neN, 
an operator space in a canonical manner. The (purely algebraic) identification 

M n (CB(E,F)) := CB(E,M n (F)) (n £ N) 
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then yields norms || • ||„ on the spaces M n (CB(E, F)) that satisfy ( R 1 ) and ( R 2 ), 
which is not hard to verify. 

Since, for any operator space E, the Banach spaces E* and CB(E, C) are isome- 



trically isomorphic ([E— R, Corollary 2.2.3]), this yields a canonical operator space 
structure on the dual Banach space of an operator space. In partiuclar, the unique 
predual of a von Neumann algebra is an operator space in a canonical way. 

We shall see how this yields further examples of completely contractive Banach 
algebras. 

We denote the VF*-tensor product by (§). 

Definition 3.7. A Hopf-von Neumann algebra is a pair (971, V), where 971 
is a von Neumann algebra, and V is a co-multiplication: a unital, injective, w*- 
continuous *-homomorphism V : 971 — > 971(8)971 which is co-associative, i.e. the dia- 
gram 

971 V > 97t(g)97l 

V®id(j)i 



commutes. 



971(8971 > 97t®97t«>97t 



Example 3.8. Let G be a locally compact group. 

(1) Define V: L°°(G) -> L°°(G x G) by letting 

(V0)(xy) := ftxy) (0 e L°°(G), x,y&G). 

Since L°° (G)®L°° (G) = L°°(G x G), this turns L°°(G) into a Hopf-von 
Neumann algebra. 

(2) Let W*(G) be the enveloping von Neumann algebra of G*(G). There is 
a canonical w*-continuous homomorphism to from G into the unitaries 
of W*(G) with the following universal property: For any unitary rep- 
resentation i of G on a Hilbert space, there is unique u>*-continuous *- 
homomorphism 9 : W*(G) — > vr(G)" such that it = 9 o ui. Applying this 
universal property to the representation 

G ^W*(G)®W*(G), x h-» ® u(x) 

yields a co-multiplication V: W*(G) -> W^*(G)®M / *(G). 

Given two von Neumann algebras 971 and 91 with preduals 971, and 9T*, their 
VF*-tensor product 971(891 also has a unique predual (971(891)*. Oper ator space 



theory allows to identify this predual in terms of 97t* and 91* ( | E— R , Theorem 
7.2.4]): 

(971(891) * = 971* (g>91*. 

Since VN (G)(g) VN(i?) = VN(G x iJ) for any locally compact groups G and H, this 
implies in particular that 

A(G xH) = A{G)®A{H). 

Suppose now that 971 is a Hopf-von Neumann algebra with predual 971* . The 
comultiplication V : 971 — > 971(8971 is w*-continuous and thus the adjoint map of 
a complete contraction V* : 971*0971* — > 971*. This turns 971* into a completely 



contractive Banach algebra. In view of Example 3.8, we have: 
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Example 3.9. Let G be a locally compact group. 
(1) The multiplication on L}{G) induced by V as in Example 3.8.1 is just 
the usual convolution product. Hence, L 1 {G) is a completely contractive 
Banach algebra. 



(2) The multiplication on B(G) induced by V as in Example 3.8.2 is pointwise 
multiplication, so that B(G) is a completely contractive Banach algebra. 
Since A{G) is an ideal in B(G) and since the operator space strucures A(G) 
has as the predual of VN(G) and as a subspce of B(G) coincide, A(G) 
with its canonical operator space structure is also a completely contractive 
Banach algebra. 

Remark 3.10. Since A(G) fails to be Ar ens reg ular for any non-discrete or 
infinite, amenable, locally compact group G ([Fori]), it cannot be a subalgebra 
of the Arens regular Banach algebra B(Sj). Hence, for those groups, A(G) is not of 
the form described in Example |3.6| .2. 

We now return to homological algebra and its applications to abstract harmonic 
analysis. 

An operator bimodule over a completely contractive Banach algebra 21 is an 
operator space E which is also an 2l-bimodule such that the module actions of 21 on 
E are completely bounded bilinear maps. One can then define operator Hochschild 
cohomology groups C7i 1 (2l, E) by considering only completely bounded derivations 
(all inner derivations are automatically completely bounded). It is routine to check 
that the dual space of an operator 2l-bimodule is again an operator 2l-bimodule, so 
that the following definition makes sense: 



Definition 3.11 ([Rua 2|). A completely contractive Banach algebra 21 is 
called operator amenable if C?i 1 (2l, E*) — {0} for each operator 2t-bimodule E. 



is m- 



The following result ([Rua 2, Theorem 3.6]) shows that Definition 3.11 
deed a good one: 

Theorem 3.12 (Z.-J. Ruan). Let G be a locally compact group. Then G is 
amenable if and only if A(G) is operator amenable. 

Remar k 3.13 . A Banach algebra 21 is amenable if and only if max 21 is operator 
amenable ( | E R , Proposition 16.1.5]). Since i 1 (G) is the predual of the abelian 
von Neumann algebra L°°(G) , the canonical operator space structure on i 1 (G) is 
max L 1 (G) . Hence, Definition |3.11 yields no information on L 1 (G) beyond Theorem 
2~1 



The following is an open problem: 

Question 3.14. Which are the locally compact groups G for which B(G) is 
operator amenable? 

With Theorem |2.8| and the abelian case in mind, it is reasonable to conjecture 
that B(G) is operator amenable if and only if G is compact. One direction is 
obvious in the light of Theorem 3.12] ; a partial result towards the converse is given 
in ]R-Sp| ]. 



Adding operator space overtones to Definition 2.5, we define: 



Definition 3.15. A completely contractive Banach algebra 21 is called operator 
weakly amenable if OH 1 (21, 21*) = {0}. 
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In analogy with Theorem 2.7, we have 



Theorem 3.16 ([Spr]). Let G be a locally compact group. Then A{G) is op- 
erator weakly amenable. 

One can translate Helemskii's homological algebra for Banach algebras rela- 
tively painlessly to the operator space setting: This is done to some extent in [ Ari| 



and [ Woo 1 . Of course, appropriate notions of projectivity and flatness play an 
important role in this operator space homological algebra. Operator biprojectivity 
and biflatness can be defined as in the classical setting, and an analogue — with £g> 
instead of C3 7 — of the characterization used for Definition 2.E holds. 

The operator counterpart of Theorem 2.10| was discovered, independently, by 
O. Yu. Aristov and P. J. Wood: 



Theorem 3.17 ([Ari|, [Woo 2[). Let G be a locally compact group, 
is discrete if and only if A(G) is operator biprojective. 



Then G 



As in the classical setting, both operator amenability and operator biprojectiv- 
ity imply operator biflatness. Hence, Theorem 3.17 immediately supplies examples 
of locally compact groups G for which A(G) is operator biflat, but not operator 
amenable. A locally compact group is called a [S IN] -gr oup if L 1 (G) has a bounded 
approximate identity belonging to its center. By | R— X , Corollary 4.5], A(G) is also 
operator biflat whenever G is a [SIN]-group. It may be that A{G) is operator b iflat 
for every locally compact group G: this question is investigated in [ A— R— Sp|] . 



All these results suggest that in order to get a proper understanding of the 
Fourier algebra and of how its cohomological properties relate to the underlying 
group, one has to take its canonical operator space structure into account. 
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